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LECT 1

1 Sets

A set is a collection of objects. If x is an element of a set S then
we write x ∈ S. If S contains countably many elements, then we
can write S as a list {x1, x2, . . .} where the xi ’s represent the ele-
ments of S. For example, the set of odd integers can be written as
{−1,+1,−3,+3,−5,+5, . . .} and is therefore countable—in this case
it is countably infinite. Note here that we do not put any restriction
on the collection of objects, which can virtually be anything. Sets
that are ‘often used in practice’ are those that specify a collection
of sequences. For example,

S =
{

x = (x1, x2, . . .)|xi ∈R for all i, and
∑

i
xi = 1

}
.

In this example, each element of S is a sequence (that is an ordered
collection) of real numbers that satisfy a certain property P (that
their sum equals one). This example shows an alternative way to
specify a set S through a property that is shared by all its elements

S = {x|x satisfies P}

for a certain property P.
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1.1 Set operations

1. S ∪T = T ∪S, and S ∩T = T ∩S (symmetry)

2. S∩(T ∪U ) = (S∩U )∪(S∩U ) and S∪(T ∩U ) = (S∪U )∩(S∪U )
(distributivity)

3. (∪nSn)c = ∩nSc
n and (∩nSn)c = ∪nSc

n (De Morgan’s law, no-
tice here that these identities also hold for uncountable family
of sets)

Notation. Given sets S,T we write S\T (read ‘S minus T ’) to de-
note S ∩T c

Exercise 1. Prove Properties 1.-3.

2 Probabilistic model

A probabilistic model is a mathematical description of an uncer-
tain situation or a random experiment. It has two main ingredients,
the sample space Ω which represents all possible outcomes, and a
probability law P which assigns probabilities to events that may or
may not happen depending on the outcome of the random exper-
iment. For example, consider a fair coin toss. The two possible
outcomes are {H ,T }, and their probabilities are

P({H }) =P({T }) = 1/2.

The fact that these probabilities sum to one captures the assumption
that the result of the coin toss will, with certainty, be either H or
T , that is P({H }∪ {T }) =P({H ,T }) = 1.

The above example hints that the probability law should assign
probabilities to events so that to satisfy certain consistency proper-
ties. For instance, the probability of ‘seeing more’ should not be
smaller than the probability of ‘seeing less’. This is formalized in
the following two definitions.

Definition 1 (Measurable space). A measurable space (Ω,F ) is a
set Ω together with a family of subsets F , referred to as ‘events’
,called a σ-algebra, that satisfies the following properties:
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• Ω ∈F

• if A ∈F then Ac ∈F

• if An ∈F n = 1,2, . . . then ∪∞
n=1 An ∈F

Subsets that satisfy the above properties are referred to as ‘events.’

Remark 1.

• F = {Ω,;} this is the ‘poorest’ σ-algebra, not very useful.

• F = {Ω,;, A, Ac , }, A ∈Ω (σ-algebra ‘generated by A’). For
instance, for the coin toss example we have say A = {H } and
Ac = {T }.

• More generally, given a set of subsets S , we can define the
‘σ-algebra generated by S ’ as being the smallest σ-algebra
that contains S

• if |Ω| <∞ then F = {all subsets of F } is the ‘richest’σ-algebra
of Ω. |F | = 2|Ω|

• Important, ‘Borel algebra’: Ω = R and F is the σ-algebra
generated by the sets of R that can be written as finite sums of
intervals (a,b], a < b. Notation: (R,B(R))

Exercise 2. Show that any singleton {a} belongs to B(R). Deduce
that the Borel algebra can alternatively be defined by replacing the
semi-open set condition (a,b], by [a,b), by [a,b], or by (a,b).

A random experiment is mathematically modelled by the notion
of ‘probability space.’

Definition 2 (Probability space). A probability space is a tuple
(Ω,F ,P ) where (Ω,F ) is a measurable space and P a function
F −→ [0,1] that satisfies

i. P (A) ≥ 0 for any A ∈F

ii. if An ∈F n = 1,2, . . . are disjoint then

P (∪∞
n=1 An) =

∞∑
n=1

P (An)

3



iii. P (Ω) = 1 .

Remark 2. The previous definition implies that the probability of
‘seeing more’ is not smaller than the probability of ‘seeing less’,
that is A ⊂ B ⇒ P (A) ≤ P (B). In fact, A ⊂ B ⇒ B c ⊂ Ac , hence Ac

can be written as the disjoint union of B c and Ac \B c . Therefore

P (A) = 1−P (Ac ) = 1−(P (B c∪(Ac \B c ))) = 1−(P (B c )+P (Ac \B c ) ≤ 1−P (B c ) = P (B)

where the third equality holds by i i . and where the inequality holds
by i .

Example 1 (Coin tosses). The random experiment consists of a
coin being tossed n times and for which we record the results
(a1, a2, . . . , an). The sample space is therefore

Ω= {ω :ω= (a1, a2, . . . , an), ai = 0,1}

As a σ−algebra, consider F = all subsets of Ω.To specify a prob-
ability over (Ω,F ) we need to assign a probability to each ω =
(a1, a2, . . . , an). For instance,

P ({ω}) = p
∑

i ai (1−p)n−∑
i ai

which satisfies
∑
ωP ({ω}) = 1. Note that here one random exper-

iment gives n results. We could alternatively view each of these
outcomes as independent experiments (see Section 3.4).

The following theorem provides a very useful bound:

Theorem 1 (Union bound). If {A j } j≥1 is a (countable) set of dis-
joint events

P (∪ j≥1 A j ) ≤ ∑
j≥1

P (A j ) .

The usefulness of the theorem stems from the fact that it is often
easier to compute the probabilities of the individual events than
their union.

Proof of Theorem 1. Since ∪n
i=1 Ai can be written as a union of dis-

joint events

A1 ∪ (A2\A1)∪ (A3\(A2 ∪ A1))∪ . . .∪ (An\∪n−1
i=1 Ai )
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we have

P (∪n
i=1 Ai ) = P (A1 ∪ (A2\A1)∪ (A3\(A2 ∪ A1))∪ . . . (An\∪n−1

i=1 Ai ))

De f .2+Rem.2≤
n∑

i=1
P (Ai )

Definition 3. Given a probability space (Ω,F ,P ), the conditional
probability of an event A ∈F given an event B ∈F is defined as

P (A|B) = P (A∩B)

P (B)

whenever P (B) > 0. If P (A|B) = P (A), A and B are said indepen-
dent.

The conditional probability can alternatively be computed as

P (A|B) = P (B |A)P (A)

P (B |A)P (A)+P (B |Ac )P (Ac )

whenever P (B) > 0. This is Bayes’ rule.

Exercise 3. Prove Bayes’ rule.

Exercise 4. Out of the students in a class, 60% are geniuses, 70%
love chocolate, and 40% fall into both categories. Determine the
probability that a randomly selected student is neither a genius nor
a chocolate lover.

Exercise 5. A six-sided die is loaded in a way that each even face
is twice as likely as each odd face. Construct a probabilistic model
for a single roll of this die, and find the probability that a 1, 2, or 3
will come up.

Exercise 6. We roll two fair 6-sided dice. Each one of the 36 pos-
sible outcomes is assumed to be equally likely.

1. Find the probability that doubles are rolled.

2. Given that the roll results in a sum of 4 or less, find the condi-
tional probability that doubles are rolled.
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3. Find the probability that at least one die roll is a 6.

4. Given that the two dice land on different numbers, find the
conditional probability that at least one die roll is a 6.

3 Random variable

Definition 4 (Measurable function and random variable). Given a
measurable space (Ω,F ), a function X :Ω→R such that

X −1(B) = {ω ∈Ω : X (ω) ∈ B} ∈F (1)

for any B ∈ B(R) is called ‘measurable’ or F -measurable. When
(Ω,F ) is the underlying measurable space of a probability space
(Ω,F ,P ), it is custom to call X ‘random variable’ because its ar-
gument is random. In this case we also define the ‘cumulative dis-
tribution function’ (cdf) of X as

FX (x), P ({ω ∈Ω : X (ω) ≤ x}), P (X ≤ x)

Example 2.

• Ω= {H ,T }n

• P (ω) = p#T (1−p)#H , ω ∈Ω,

• X (ω) = first place where a ‘H’ appears (if ω = T T HT H HT
then X (ω) = 3). If ω= T T . . .T︸ ︷︷ ︸

n ×
, X (ω), n +1.

Then

FX (x) =


0 x < 1∑k

j=1 p j−1(1−p) k ≤ x < k +1 k = 1,2, . . . ,n

1 x ≥ n
.

Definition 5 (Indicator function). Consider a measurable space
(Ω,F ,P ). The indicator function 11A(ω) with respect to an event
A ∈F is defined to be equal to 1 if ω ∈ A and zero otherwise.
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Example 3. Referring to the previous example define

Ai = {ω|T appears in the i-th position}.

Then the number of T’s that appear in a sequence ω can be written
as

#T (ω) =
n∑

i=1
11Ai (ω).

LECT 2

3.1 Discrete vs continuous random variables

Definition 6 (Discrete r.v.). A random variable is ‘discrete’ if its
range is (at most) countably infinite. In this case, the r.v. is char-
acterised by its probability mass function (pmf) PX defined as

PX (x), P (X −1(x)), P ({ω : X (w) = x}) .

Notation. Whenever clear from context we shall simply write P (x)
instead of PX (x).

Example 4 (Famous discrete r.v.’s).

• Bernoulli(p): PX (1) = 1−PX (0) = p

• Binomial(n, p): PX (x) = (n
x

)
px(1− p)n−x , x ∈ {0,1,2, . . . ,n},

p ∈ [0,1]

Interpretation: counts number of successes out of n trials

• Geometric(p): PX (x) = p(1−p)k−1, x ∈ {1,2, . . .}, p ∈ [0,1]

Interpretation: records time of first success.

• Poisson(λ): PX (x) = e−λλ
k

x! , x ∈ {0,1,2, . . .}, λ> 0.

Exercise 7. Suppose that pn ∈ [0,1] is such that limn→∞n ·pn =λ.
Show that PX Bi n(n,pn )(x) → PX Poi sson(λ)(x) as n →∞. In other words,
the Poisson distribution approximates the binomial r.v. in the limit
n →∞ in the small probability of success regime.
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Definition 7 (Continuous r.v.). A random variable is (absolutely)
continuous if its cdf can be written as

FX (x) =
∫ x

−∞
fX (y)d y

for some nonnegative function fX called the ‘probability density
function’ (pdf) of X .

Example 5. Gaussian r.v.: fX (x) = 1p
2πσ2

e−(x−m)2/2σ2

Remark 3. In the sequel we will refer to pmf, pdf, or cdf of a r.v.
X generically as ‘probability law.’

Remark 4. Note that the probability law of a random varible X
completely specifies it—in the sense that P (X ∈ B) can be com-
puted for any Borel set B . In particular there is no need (except
for interpretation purposes) to refer to the underlying probability
space.

3.2 Multiple random variables

For simplicity of the presentation we will focus on pairs of random
variables, the case of n ≥ 3 will then be straightforward.

A pair of discrete random variables X1, X2 is characterized by
its joint p.m.f.

PX1,X2(x1, x2) for all x1, x2 .

A pair of absolutely continuous random variables random variables
X1, X2 is characterized by its joint pdf

fX1,X2(x1, x2) for all x1, x2 .

From the joint probability law one derives the law of each individ-
ual random variable (and the marginals) by ‘marginalizing’. For
the discrete case

PX1(x1) =∑
x2

PX1,X2(x1, x2)
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and for the continuous case

fX1(x1) =
∫

fX1,X2(x1, x2)d x2.

Note that marginalizing just says that the probability that ‘X1 = x1’
is the same as the probability that ‘X1 = x1 without restriction on
X2.’

3.3 Deducing the law of Y = g (X ) knowing the law of X

For the discrete case we have

PY (y) = P (Y = y) = P (g (X ) = y) = ∑
x:g (x)=y

PX (x)

Instead, for the continuous case we use the following receipe. Com-
pute first the cdf

FY (y) = P (Y ≤ y) = P (g (X ) ≤ y) = P (X ≤ g−1(y))

then take its derivative:

fY (y) = dFY (y)/d y

(Recall that d
d y

∫ h(y)
−∞ f (x)d x = ( d

d y h(y)) f (h(y)))

Example 6 (Linear transformation). Knowing fX (x)what is fY (y)
if Y = aX +b (a 6= 0)? Using the receipe we have

FY (y) = P (Y ≤ y)

= P (aX +b ≤ y)

= P (aX +b ≤ y)

= P (X ≤ (y −b)/a) a > 0

=
∫ (y−b)/a

−∞
fX (y)d y

Hence,

fY (y) = dFY (y)

d y
= 1

a
fX ((y −b)/|a|) .
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We note that if X is Gaussian(µ,σ2), then Y = aX+b is Gaussian(aµ+
b, a2σ2). I.e., the Gaussian law is preserved under linear transfor-
mation.

In the multivariate setup the receipe remains the same. Let X =
(X1, X2, . . . , Xn) have density fX (x), g :Rn →Rn , and let

Y = (Y1,Y2, . . . ,Yn) = (g1(X ), g2(X ), . . . , gn(X )) = g (X )

and

X = (X1, X2, . . . , Xn) = (g−1
1 (Y ), g−1

2 (Y ), . . . , g−1
n (Y )) = g−1(X )

This step assumes that the inverse map g−1(X ) exists. One first
computes the Jacobian of g−1

Dg−1

d y
(y), det



∂g−1
1 (y)
∂y1

· · · · · · ∂g−1
1 (y)
∂yn

∂g−1
2 (y)
∂y1

· · · · · · ∂g−1
2 (y)
∂yn

...
...

∂g−1
n (y)
∂y1

· · · · · · ∂g−1
n (y)
∂yn

 ,

again assuming that it is well defined—that is that each partial
derivative exists and is finite. The density of the vector Y is then
given by

fY (y) = fX (g−1(y))

∣∣∣∣Dg−1

d y
(y)

∣∣∣∣
Example 7. Let

fX (x1, x2) = 1

2π
e−

x2
1+x2

2
2 , x1, x2 ∈R

and let y1 =
√

x2
1 +x2

2 ∈R+ and y2 = Ar ct an(x2/x1) ∈ [0,2π].

x1 = y1 cos(y2)(= g−1
1 (y1, y2)) and x2 = y1 sin(y2)(= g−1

2 (y1, y2))

One verifies that
Dg−1

d y
(y) = y1
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and thus
fY (y1, y2) = 1

2π
e−y2

1 /2y1 .

Exercise 8. Romeo and Juliet have a date at a given time, and each
will arrive at the meeting place with a delay between 0 and 1 hour,
with all pairs of delays being equally likely. The first to arrive will
wait for 15 minutes and will leave if the other has not yet arrived.
What is the probability that they will meet?

The expectation and the variance of a random variable capture
the average and the spread around the average:

Definition 8 (Expectation, variance, standard deviation).

• Discrete r.v.: E(X ),
∑

x xPX (x)

• Absolutely continuous r.v.: E(X ) = ∫
R x fX (x)d x.

The variance of a r.v. X is defined as Var(X ) = E(X −E(X ))2,
and the standard deviation, denoted as σ is defined as

√
Var(X 2).

Example 8.

E(X ) V ar (X )
Bi nomi al (n, p) np np(1−p)
Geometr i c(p) 1/p (1−p)/p2

Poi sson(λ) λ λ

Gaussi an(m,σ2) m σ2

The following property, the linearity of expectation, is a very
important one and can easily be derived from the definition of ex-
pectation: for any finite weighted sum of (dependent or indepen-
dent) random variables

∑k
i=1αi Xi (with finite constants αi ’s) we

have

E(
k∑

i=1
αi Xi ) =

k∑
i=1

αi E(Xi ) . B

Example 9. Consider Example 2. The expected number of T ’s in
a sequence ω is

E(#T ) = E(
n∑

i=1
11Ai ) =

n∑
i=1

E(11Ai )
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Now,

E(11Ai ) = 1 ·P (there is an T in the i-th position)+0 ·P (there is a H in the i-th position)

= p

An therefore E(#T ) = np.

The following example, taken from the book "Introduction to
Geometric Probability" by Daniel Klein and Giancarlo Rota, is
meant to elegantly illustrate how useful linearity of expectation is.

Example 10 (Buffon’s needle). Consider a floor made of parallel
strips of wood, each of width w . We drop a needle of length `≤ w
on the floor. What is the probability that the needle crosses at least
one line between two strips?

Let f (`) denote the expected number of crossings when a needle
of length ` is dropped on the floor— f (`) is unknown. Now consider
two needles of length `1 and `2 and let X1 be the number of lines
crossed by the first needle and let X2 be the number of lines crossed
by the second one. Assuming that the two needles are aligned, to
form a big needle of length `, by linearity of expectation (!) we
have

f (`) = f (`1 +`2) = E(X1 +X2) = E(X1)+E(X2) = f (`1)+ f (`2).

We note here that as long as a the big needle can be decomposed
into two needles, with an arbitrary angle, of lengths `1 and `2, the
above equalities hold. This implies two things. The first is that the
number of crossing of all big needles of length ` is f (`1 +`2) =
f (`1)+ f (`2), irrespective of the angle of the two sub-needles, and
irrespective of whether or not they are attached (which potentially
introduces dependency). Because of this and the fact that f (0) is
‘obviously’ 0 we deduce that f is a linear function, that is f (`) =
c ·` for some constant c. More precisely, we have linearity for any
combination of needles, whether attached or not. Now consider a
circle of diameter w (why not?). Such a circle when thrown on the
floor always crosses the lines exactly twice. We then deduce that

f (wπ) = 2 = c ·w ·π
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and therefore c = 2/πw . Hence,

E(#crossings) = 2

πw
`.

Now, if ` ≤ w then the needle crosses either one line or no line
(if `= w the needle can be positioned so that it touches two lines,
but this never happens). So in this case the expected number of
crossings is equal to the probability that the needle crosses one
line. Note that for the argument to be completed there is a limiting
argument needed to approximate a circle with a polygon since f (`)
refers to straight lines.

LECT 3: The following theorem provides a handy expression
for computing expectation of random variables taking values over
the nonnegative integers:

Theorem 2. For a r.v. X taking values in N we have

E(X ) =
∞∑

n=1
P (X ≥ n)

From this theorem, we immediately get the lower bound E(X ) ≥
k ·P (X ≥ k) for any nonnegative integer k, or P (X ≥ k) ≤ E(X )/k,
which is Markov inequality, which we will revisit later.

Proof of Theorem 2.

E(X ) = 1 ·P (X = 1)+2 ·P (X = 2)+3 ·P (X = 3)+ . . .

= P (X = 1)+
{

P (X = 2)
P (X = 2)

+


P (X = 3)
P (X = 3)
P (X = 3)

+ . . .

=
∞∑

n=1
P (X ≥ n)

Properties of E(X ) and Var(X ):

• If X = cste, E(X ) = c, Var(X ) = 0.
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• if Y = aX +b: E(Y ) = aE(X )+b, Var(Y ) = a2Var(X )

• 0 ≤Var(X ) = E(X 2)− (E(X ))2

• If g (x) ≥ h(x) then E(g (X )) ≥ E(h(X ))

Theorem 3 (Jensen’s inequality). E(g (X )) ≥ g (E(X )) whenever g
is convex.

Proof. Let c = E(X ) and let φ(x) be the line that is tangent to g (x)
at x = c, i.e., φ(x) = g (c)+α(x − c) for some constant α.

By convexity g (x) ≥φ(x) and therefore

E g (X ) ≥ E(φ(X )) = E(g (c)+α(X − c)) = g (E(X ))

by linearity of the expectation.

Example 11. Jensen’s inequality applied to the function x → x2

immediately yields E(X 2) ≥ (E(X ))2, the nonnegativity of the vari-
ance.

Exercise 9. Consider a sequence of independent tosses of a biased
coin at times t = 0,1,2, . . . On each toss, the probability of a ‘head’
is p, and the probability of a ‘tail’ is 1−p. A reward of one unit
is given each time that a tail follows immediately after a ‘head.’
Let R be the total reward paid in times 1,2, ...,n. Find E [R] and
V ar (R).
Solution: Let Ak be the event ‘there is a reward at time k’ and let
11Ak denote the corresponding indicator function, that is 11Ak (ω) = 1
if the sequence of coin tosses w has a T at position k and an H at
position k −1. Then E(11Ak ) = p(1−p) and we have

E(R) = E(
n∑

k=1
11Ak ) = np(1−p)

by linearity of expectation.
For the variance observe that

E(112
Ak

) = p(1−p) (2)

E(11Ak 11Ak+1) = 0 (it is impossible to get a reward at position k and k+1)
(3)

E(11Ak 11Ak+`) = p2(1−p)2 for `≥ 2 (4)
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We then get by linearity of expectation

E(R2) =
n∑

k=1

n∑
m=1

E(11Ak 11Am ). (5)

In this sum, the n terms where k = m contribute each to p(1−p).
The 2(n −1) terms where |k −m| = 1 contribute to 0. Finally, the
remaining n2−n−2(n−1) terms contribute to p2(1−p)2. Therefore,

E(R2) = np(1−p)+ (n2 −3n +2)p2(1−p)2.

Finally,

V ar (R) = E(R2)− (E(R))2

= np(1−p)+ (n2 −3n +2)p2(1−p)2 −n2p2(1−p)2

= np(1−p)− (3n −2)p2(1−p)2.

Exercise 10. If the weather is good, which happens with probabil-
ity 0.6, Alice walks the 2km to her class at a speed V of 5km/h, and
otherwise rides her motorcycle at a speed V of 30km/h. What is
the mean of the time T to get to her class? Consider the following
two options:

i. Option 1: Compute E(T ) by first computing the pmf of T .

ii. Option 2: Compute the mean of the speed E(V ) to get to class,
then claim that the mean time E(T ) = 2/E(V ).

Which one is correct? Why?

3.4 Expectation and dependencies

The probability of X2 given X1 is defined as

PX2|X1(x2|x1) = PX1,X2(x1, x2)/PX1(x1)

for the discrete case, and as

fX2|X1(x2|x1) = fX1,X2(x1, x2)/ fX1(x1)

for the continuous case.
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Definition 9 (Independence). X and Y are ‘independent’ if PX |Y (x|y) =
PX (x) for all x, y ( fX ,Y (x, y) = fX (x) fY (y)).

Definition 10 (Conditional expectation and variance). The condi-
tional expectation of Y given X = x is defined as

E(Y |X = x) =∑
y

yPY |X (y |x) .

The conditional variance of Y given X = x is defined as

Var(Y |X = x) = E((Y −E(Y |X = x))2|X = x) .

E(Y |X ) and Var(Y |X ) are random variables since functions of
the random variable X .
Properties:

• E(Y ) = E(E(Y |X )) (to check)

• Var(Y ) = E(Var(Y |X ))+Var(E(Y |X )) (to check)

• if X and Y are independent,

E(X Y ) = E(X )E(Y ) and Var(X +Y ) =Var(X )+Var(Y )

Definition 11 (Covariance). The ‘covariance’ of X and Y is de-
fined as

cov(X ,Y ) = E(X Y )−E(X )E(Y ) .

More generally, given a vector X = (X1, X2, . . . , Xn) we define the
covariance matrix

K =
(
{Cov(Xi , X j )}

)
.

A random vector is said uncorrelated if its covariance matrix is
diagonal.

Remark 5. Independence implies uncorrelated but the opposite is
not true in general. Example: (X ,Y ) take the values (1,0), (0,−1),
(−1,0), (0,1) each with probability 1/4. We have that E(X Y ) =
E(X )E(Y ) = 0 but X and Y are not independent.
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Definition 12 (Jointly Gaussian r.v.’s). A random vector (X1, X2, . . . , Xn)
is Gaussian (or, has jointly Gaussian components) if for any real
vector (λ1,λ2, . . . ,λn) the random variable

λ1X1 +λ2X2 + . . .+λn Xn

has a Gaussian distribution.

Theorem 4. A random vector X = (X1, X2, . . . , Xn) with mean µ is
Gaussian iff its pdf can be written as

fX (x) = 1p
det(2πK )

e−
1
2 (x−µ)t K −1((x−µ))

for some symetric and positive matrix K .

Remark 6. It can be checked that K = (
Cov(Xi , X j )

)
which justifies

the terminology ‘covariance matrix’ for K .

Remarkably, for gaussian random variables ‘uncorrelated’ and ‘in-
dependence’ are equivalent:

Theorem 5. Let ~X = (X1, X2, . . . , Xn) be a Gaussian vector. Then
X1, X2, . . . , Xn are independent if and only if they are uncorrelated.

Exercise 11. Find two random variables, each Gaussian, but that
are not not jointly Gaussian.

Exercise 12. Random variables X and Y have joint pmf

PX ,Y (x, y) = c(x2 + y2)

if x ∈ {1,2,3} and y ∈ {1,3} and 0 otherwise. Compute:

1. the value of c

2. P (Y < X )

3. P (Y > X )

4. P (Y = X )

5. P (Y = 3)
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6. the marginals pX (x) and pY (y)

7. the expectations E(X ), E(Y ), and E(X +Y )

8. the variances V ar (X ), V ar (Y ), V ar (X +Y )

9. Let A denote the event that X ≥ Y . Compute E(X |A) and
V ar (X |A).

Exercise 13. Prove that two events A and B are independent if and
only if their corresponding indicator functions are independent.

3.5 Sum of random variables

Definition 13. Let X and Y be two independent random variables
with pmf’s PX and PY . The pmf of their sum W = X +Y is called
the convolution of PX and PY and is given by

PW (w) =∑
x

PX (x)PY (w −x)

for the discrete case, and by

fW (w) =
∫ ∞

−∞
fX (x) fY (w −x)d x

for the continuous case.

Justification
Discrete case:

PW (w), P (X +Y = w)

= ∑
(x,y):x+y=w

PX ,Y (X = x,Y = y)

= ∑
(x,y):x+y=w

PX (X = x)PY (Y = y)

=∑
x

PX (X = x)PY (Y = w −x)

For the continuous case as usually we proceed through the cdf:
We have

FW (w) = P (X +Y ≤ w) =
∫

x+y≤w
fX ,Y (x, y)d xd y.

18



Since X and Y are independent we have fX ,Y (x, y) = fX (x) fY (y)∫
x+y≤w

fX ,Y (x, y)d xd y =
∫
R

d x fX (x)
∫ w−x

−∞
d y fY (y) (6)

Differentiating with with respet to w we then deduce that

fW (w) =
∫
R

fX (x) fY (w −x)d x.

Remark 7. The expressions for PW (w) and fW (w) are referred to
as the convolution of the pdfs (pmfs) of X and Y .

LECT 4

4 Inequalities

Theorem 6.

Markov Let X be a nonnegative random variable then P (X ≥ a) ≤
E(X )/a, a > 0.

Chebyshev: For any random variable P (|X −E(X )| ≥ a) ≤Var(X )/a2, a >
0

Chernoff bound: For any random variable P (X > a) ≤ inft>0 E(e t (X−a))

Note that the three inequalities quantify ‘rare events’. For the
Markov inequality to be non-trivial, the constant a should scale at
least linearly with the expectation E(X ). For instance, P (X ≥ 10 ·
E(X )) ≤ 1/10. By contrast, the Chebyshev inequality is non-trivial
when a scales linearly with the standard deviation. For instance,
P (|X −E(X )| ≥ 3σX ) ≤ 1/9.

Proof of Theorem 6. Markov:

E(X ) ≥ ∑
x≥a

xP (X = x)

≥ a
∑

x≥a
P (X = x) .
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Chebyshev: from Markov’s inequality we get

P (|X −E(X )| ≥ a) = P ((X −E(X ))2 ≥ a2)

≤ Var(X )

a2

Chernoff:

P (X ≥ a) = P (e t X ≥ e t a) t > 0

≤ E(e t X )/e t a Markov

Therefore P (X > a) ≤ inft>0 E(e t (X−a)).

The term E(e t X ) in Chernoff bound is called the moment gener-
ating function of X (see Definition 16 below).

5 Limit Theorems

Definition 14 (Convergence in probability and almost sure). Given
a probability space (Ω,F ,P ), a sequence of random variables X1, X2, . . .
converges in probability, respectively almost surely, to a r.v. X if

lim
n→∞P ({ω : |Xn(ω)−X (ω)| > ε}) = 0 for any ε> 0 ,

respectively
P ({ω : lim

n→∞Xn(ω) = X (ω)}) = 1 .

Note the difference between almost sure convergence and con-
vergence in probability. Almost sure convergence means that there
exists an event A ∈ Fof probability 1 such that for any ω ∈ A the
corresponding sequence x1(ω), x2(ω), . . . converges to x(w) (in the
classical sense). This, in particular means, that for any of these se-
quences and for any ε> 0, |xn(w)−x(w)| > ε at most finitely many
times—for otherwise the sequence would not converge.
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Theorem 7 (Fundamental criterion for almost sure convergence,
Borel-Cantelli lemma). A sequence of r.v. X1, X2, . . . converges al-
most surely to a r.v. X if for any ε> 0

∞∑
n=1

P (|Xn −X | ≥ ε) <∞

Example 12. Let X be a an exponentially distributed random vari-
able with parameter λ= 1, that is fX (x) = e−x . We now prove that
Xn = X /n converges to zero, in probability. For any ε> 0 we have

P (|Xn −0| ≥ ε) = P (X ≥ nε) = 1−FX (nε) = e−nε n→∞→ 0. (7)

Example 13. Consider a sequence of independent random vari-
ables Xn that are uniformly distributed in the interval [0,1], and
let

Yn = min{X1, X2, . . . , Xn}.

We have

P (|Yn −0| ≥ ε) = P (X1 ≥ ε)P (X2 ≥ ε) . . .P (Xn ≥ ε)

= (1−ε)n . (8)

Hence, Yn converges to zero in probability. Furthermore, since∑∞
n=1 P (|Yn − 0| ≥ ε) < ∞, we also have almost sure convergence

by the Borel-Cantelli lemma.

Remark 8. If Xn converges to a number a in probability, it doesn’t
mean that E(Xn) converges to a as n →∞ (L1 convergence). Ex-
ample:

P (Xn = y) =


1−1/n fory = 0
1/n fory = n2

0 elsewhere
.

We have that limn→∞P (Xn = 0) = 1 but E(Xn) →∞ as n →∞.

Example 14 (Convergence in probability, not almost surely). Con-
sider the uniform distribution over Ω = [0,1] and define X (ω) =ω

and
X1(ω) =ω+ 11[0,1](ω) X2(ω) =ω+ 11[0,1/2](ω) X3(ω) =ω+ 11[1/2,1](ω)

X4(ω) =ω+ 11[0,1/3](ω) X5(ω) =ω+ 11[1/3,2/3](ω) X6(ω) =ω+ 11[2/3,1](ω)
· · · · · · · · ·
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We have that P (|Xn − X | ≥ ε) = 0 tends to zero as it is equal to the
probability of an interval that goes to zero. So X1, X2, . . . converges
to X in probability. However, for any ω, Xn(ω) oscillates between
ω andω+1 infinitely often. Thus Xn does not converge to X (almost
surely).

As we saw above convergence in probability does not imply L1

convergence. Almost sure convergence does not either imply L1

convergence, but with an additional condition it does:

Theorem 8 (Dominated convergence). If (Xn) is a sequence of ran-
dom variables such that

• Xn → X almost surely

• there exists a random variable Y such that |Xn | ≤ Y almost
surely for all n and such that E(|Y |) <∞

Then
lim

n→∞E(Xn) = E(X ) .

There are many ways to define convergence for random vari-
ables. Another popular notion of convergence is convergence in
distribution:

Definition 15. A sequence of real-valued random variables X1, X2, . . .
converges to X in distribution (or in law, or weakly) if FXn (x) →
FX (x) as n →∞ for every x at which FX is continuous.

Convergence in distribution represents an intermediate situation
between the notions of almost sure convergence and in probability
convergence:

Theorem 9. The following implication holds: a.s. convergence ⇒
weak convergence ⇒ convergence in probability

Theorem 10 (Strong Law of Large Numbers). Consider a sequence
of i.i.d. random variables X1, X2, . . . with finite mean µ and finite
variance. Then, random variable Sn = (1/n)

∑n
i=1 Xi converges al-

most surely to µ.
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The SLLN implies the Weak Low of Large Numbers where con-
vergence almost sure is replaced by convergence in probability.

In a sense, the SLLN provides a bridge between the real world
and probability theory. Sn is a variable that can be empirically
observed. It corresponds, for instance, to the relative frequency
of Heads in a sequence of coin tosses. On the other hand, µ is
theoretically defined as the first moment of the distribution. The
SLLN basically says that µ is not only a theoretical quantity, it has
an operational interpretation as well since it matches the empirical
frequency, asymptotically.

While the SLLN tells us that Sn/n approximates well the mean,
it does not tell us how Sn/n may deviate from µ. The central limit
theorem provides an approximate of the law of the deviation.

Theorem 11 (Central limit theorem (CLT)). Let X1, X2, . . . be a se-
quence of i.i.d. random variables such that E(X1) =µ and Var(X1) =
σ2 (both assumed to be finite). Then(

lim
n→∞P

(p
n

σ
(Sn −nµ) ≤ x

)
=

)
lim

n→∞P

(∑n
i=1(Xi −µ)

σ
p

n
≤ x

)
= 1p

2π

∫ x

−∞
e−t 2/2d t

Hence, a proper scaling of Sn −nµ converges weakly (in dis-
tribution) to the normal random variable. Note the universality of
the CLT: convergence happens for any law of the Xi ’s. The only
requirement is that mean and variance are finite.

6 Moment Generating function and Characteristic func-
tion

The moment generating function and the characteristic function are
of central importance for proving limit theorems for sums of inde-
pendent random variables. We define them and list a few proper-
ties.

Definition 16 (Moment generating function). The moment gener-
ating function of a random variable X is defined as

MX (t ) = E(e t X ).
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Remark 9. A few properties

• MX (0) = 1

• for any, constants b, t > 0 we have the lower bound

MX (t ) = E(e t X ) ≥ E(e t min{X ,b}) ≥ E(11{X≥t }e
t min{X ,b}) = P (X ≥ t )e tb

• The n − th derivative evaluated at zero satisfies

M (n)(t )|t=0 = E(X n)

(hence the term ‘moment generating’ function). Hence, know-
ing all the derivatives of M at a single point gives all the mo-
ments of the random variable. This can be verified by an im-
mediate calculation, for instance,

M (1)(t ) = d

d t
E(e t X ) = E

(
d

d t
e t X

)
= E(X e t X )

and setting t = 0 gives E(X ). Another way to see this is by first
writing

e t X = 1+ t X + t 2X 2

2!
+ t 3X 3

3!
+·· ·

then taking expectation

Ee t X = 1+ tm1 + t 2m2

2!
+ t 3m3

3!
+·· ·

where the mi ’s are the moments. The n−th derivative evalu-
ated at t = 0 gives mn .

• If X and Y are independent MX+Y (t ) = MX (t ) ·MY (t )

• If Y = aX then MY (t ) = MX (a · t )

Exercise 14. Compute the moment generating function of the bi-
nomial B(n, p) (hint: try first for n = 1 and use a property above).

The moment generating function has a disadvantage. To be well
defined, the pdf fX (x) should decay sufficiently so that fX (x)e t x →
0. The characteristic function, which we now define, is also a
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random variable transform, but it is always well-defined, irrespec-
tively of how fast the pdf/pmf decays. It has similar properties to
the moment generating function.

Definition 17 (Characteristic function). The characteristic func-
tion of a random variable X is defined as

φ(t ) = E(e i t X ) ,

that is, the Fourier transform of the pmf/pdf.

Remark 10. • E(X n) = i n ·φ(n)(t )|t=0

• if Y = aX then φY (t ) =φX (a · t )

• if X and Y are independent random variables, their sum Z =
X +Y has characteristic function

φZ (t ) =φX (t ) ·φY (t ) .
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