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ASSIGNMENT 2

Exercise 1. Determine the parameters (n, k, d) of the binary code
C' ={00001100,00001111,01010101, 11011101}

Exercise 2. Define the intersection of length n binary vectors z and y to be the vector x x y =
(x1y1, T2Y2, - - -, TpYp). Show that

wt(z +y) = wt(z) + wt(y) — 2wt(z * y)
where wt(z) denotes the Hamming weight of x.

Exercise 3 (A(n, d), extending, puncturing, expurgating). Define A(n, d) as the largest cardinality
of any code with length n codewords and minimum distance d.

1. Show that A(n,d) < A(n—1,d—1). Hint: consider ‘puncturing’, that is removing a common
coordinate from every codeword.

2. Show that A(n,2r — 1) = A(n + 1,2r). Hint: consider ‘extending’ codewords by adding a
parity check bit, i.e., x1, za, ..., x, becomes x1, Ta, ..., Tpn, Y ;.

3. Show that A(n,d) < 2A(n — 1, d). Hint: consider dividing codewords into two classes, those
beginning with a 0 and those beginning with a 1.

Exercise 4. For each of the following codes tell if it is linear and evaluate the parameters (n, k, d):

¢y = {00000, 01010,00001,01011,01001}
Cy = {000000, 101000,001110, 100111}
Cy = {0000, 1100, 1010, 1001, 0110, 0101, 0011, 1111}.
Exercise 5. The dual of an [n, k|, code C is the set
Ct={z€F}:(z,y)=0forally € C}

({-, -) denotes the standard “scalar” product).
Show that if G and H are the generator and parity matrices, respectively, of C, then H and G are
the generator and parity matrices, respectively, of C.

Exercise 6. Let C; and C5 be an [n, k1, d;], and an [n, ko, d3], code, respectively, define over some
field . Let C|C; be the code consisting of all codewords of the form

(uyu+v) = (Ug, Uy« .oy Up, Uy + V1, Uy + Vo, .oy Uy + V)

with u = (ug,ug,...,u,) € Cy and v = (v1,vs,...,v,) € Cy. Show that C;|Cs is an [2n, k; +
ko, min{2d;, dy}] code—here “+” refers to the addition in F,. Hint. consider the cases v = v’ and
v # v'. For the second case use the triangle inequality.
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Exercise 7. (*) In this exercise we show the existence of linear codes over [¢], ¢ > 2, which achieve
the Gilbert-Varshamov bound. To that aim we show the existence of a full rank generator matrix G
of dimension k£ X n such that

k=(1—H,5) —e)n

and such that
wt(mG) > d  forany m € F}.

1. Pick G randomly such that each of its elements is independently chosen with the uniform
distribution over [¢|. Fix m # 0. We first show that for such a random G, mG is a uniformly
chosen vector over [¢]".

(a) Let X; denote the i-th symbol of the n-vector mG. Show that X; is independent of X
fori # j.
(b) Let X; = Z?Zl m;Gj;. Since m # 0, at least one of its elements is non-zero. Say my

is the first non-zero element. Thus we can write X; = m,Gy; + Z?:z 41 m;Gj;. Using
this, show that X; is uniformly distributed over [¢] by conditioning over the possible
realizations of G414, Goyas - - ., Grie

2. Deduce that
anq((S)
Priwt(mG) < d] <

7
Hint. Vol,(d — 1,n) < ¢"(),
3. Deduce that Pr(3m : wt(mG) < d) < ¢—=" for some appropriate choice of .
4. Conclude the proof.
Exercise 8. Is the code C' = {000, 110,011,101} MDS?
Exercise 9. (*) Consider an [n, k, d] MDS code over F,. Show that

1. the number of codewords of weight d is

Ny = (Z) (q—1).

Hint. Pick a subset of £ — 1 coordinates and fix the corresponding values to zero. Pick any
other coordinate and let the symbol value in this coordinate run through all ¢ symbols in [F,.

2. Show that the number of codewords of weight d + 1 is

Vi = (1) (=0 = ("5 ).



